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Abstract

This paper describes the parameter identification of vehicles moving on multi-span continuous bridges
taking into account the surface roughness. Each moving vehicle is modelled as a two-degree-of-freedom
system that comprises five components: a lower mass and an upper mass, which are connected together by a
damper and a spring, together with another spring to represent the contact stiffness between the tyres and
the bridge deck. The corresponding parameters of these five components, namely, the equivalent values of
the two masses, the damping coefficient, and the two spring stiffnesses together with the roughness
parameters are identified based on dynamic simulation of the vehicle–bridge system. In the study, the
accelerations at selected measurement stations are simulated from the dynamic analysis of a continuous
beam under moving vehicles taking into account randomly generated bridge surface roughness, together
with the addition of artificially generated measurement noise. The identification is realized through a robust
multi-stage optimization scheme based on genetic algorithms, which searches for the best estimates of
parameters by minimizing the errors between the measured accelerations and the reconstructed
accelerations from the identified parameters. Starting from the very wide initial variable domains, this
multi-stage optimization scheme reduces the variable search domains stage by stage using the identified
results of the previous stage. A few test cases are carried out to verify the efficiency of the multi-stage
optimization procedure. The identified parameters are also used to estimate the time-varying contact forces
between the vehicles and the bridge.
r 2003 Elsevier Ltd. All rights reserved.

1. Introduction

Vehicle parameter identification has been studied for various purposes, such as the prediction
and analysis of the dynamic responses of the vehicles and bridges, and various design aspects
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including the riding quality, structure-borne noise, the impact loading on the bridges and so on.
The dynamic interaction between the vehicle and the bridge depends greatly on their respective
dynamic properties represented by their mass distributions, stiffnesses and damping, as well as the
contact surface condition between the vehicle and the bridge. The vertical motion of a vehicle
running on a bridge is mainly induced by the random road surface roughness [1–4] and the
ensuing vibration of the bridge. Also important are the properties of the tyres [5–8], especially the
vertical tyre stiffness and the tyre damping [9,10]. For simplicity, the road surface irregularities
and the properties of the tyres are seldom considered at the same time, but their interaction often
cannot be dismissed as negligible. When the study is focused on the wheel/rail noise [1–4] induced
by the contact vibration or the dynamic behaviour [5] of the moving vehicle, road surface
roughness and tyre stiffness are often regarded as important and therefore considered together.
However when the bridge response is the focus, often only either the road surface roughness [11]
or the tyre stiffness [12] is considered. As these factors are inherently uncertain, sometimes neither
of these factors is considered [13,14]. In the identification of dynamic loading on bridges, the
quantity to predict is the moving force, and hence the road surface irregularities and the tyre
stiffness have been implicitly accounted for [15]. In a study of the dynamic loading by highway
vehicles [7], the peak dynamic loads caused by highway surface irregularities are as much as twice
the static loads, while the tyre stiffness is found to be a critical factor. In view of this, the present
study has taken both these factors into account.

For the parameter identification of vehicles running on continuous bridges, the moving
mass model [16] and the 4-parameter vehicle model [17] have been studied. To better account for
the road surface irregularities and the tyre stiffness, a more sophisticated 5-parameter
vehicle model is proposed. Each moving vehicle is modelled as a two-degree-of-freedom
(2-d.o.f.) system that comprises five components: a lower mass and an upper mass, which are
connected together by a damper and a spring, together with another spring to represent the
contact stiffness between the tyres and the bridge deck. The corresponding parameters of these
five components, namely, the equivalent values of the two masses, the damping coefficient, and
the two spring stiffnesses together with the roughness parameters are identified based on the
acceleration measurements at various stations along the continuous bridge. The acceleration
measurements are simulated from the dynamic analysis of a continuous bridge under moving
vehicles based on the modified beam vibration functions [14] and modal superposition, taking into
account the randomly generated bridge road surface roughness together with the addition of
artificially generated measurement noise. The identification is carried out through a robust multi-
stage optimization scheme [17] based on genetic algorithms [18,19], which searches for the global
optimal values of parameters by minimizing the errors between the measured accelerations and
the reconstructed accelerations from the identified parameters in each stage. Starting from the
very wide initial variable domains, this multi-stage optimization scheme reduces the variable
search domains stage by stage based on the identified results of the previous stage. A series of
comprehensive case studies are then carried out to verify the validity of the method. The effects of
different levels of measurement noise, number of measurement stations, and number of vehicles
on the identified results are studied. The time-dependent contact forces between the moving
vehicles and the bridge surface are then calculated from the identified parameters. The
work described in this paper will be useful to the operation and structural health monitoring of
bridges.
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2. Simulation of acceleration measurements

2.1. Modelling of vehicles and bridge

In this paper, a multi-span continuous bridge is modelled as a linear elastic Bernoulli–Euler
beam with totally ðP þ 1Þ point supports as shown in Fig. 1. The bridge may have varying sections
characterised by the density rðxÞ; cross-sectional area AðxÞ; Young’s modulus EðxÞ and moment
of inertia IðxÞ at location x: The N moving vehicles on the bridge are modelled as 2-d.o.f. systems
each with five parameters fMs1;Ms2; cs; ks1; ks2; s ¼ 1; 2;y;Ng: The typical sth moving vehicle is
modelled by the lower mass Ms1 and upper mass Ms2; which are interconnected by a primary
spring of stiffness ks2 and a dashpot of damping coefficient cs: The tyre contact stiffness is
represented by another spring with stiffness ks1: The convoy of vehicles moves from left to right
along the bridge at a speed vðtÞ; a function of time t: Setting the position of the leftmost point
support of the bridge as the origin O; the horizontal position of the sth vehicle is defined as xsðtÞ:
The deflection of the bridge at position x and at time t is denoted by yðx; tÞ where upward
deflection is taken as positive, as shown in Fig. 1. The vertical displacements of the lower and
upper masses of the sth vehicle are respectively represented by fys1ðtÞ; ys2ðtÞ; s ¼ 1; 2;y;Ng;
which are also measured vertically upwards with reference to their respective vertical static
equilibrium positions before coming on to the bridge.

If the bridge road surface roughness at location x is denoted by rðxÞ; which is also measured
vertically upwards with reference to the deck level, the roughness under the sth vehicle wheel is
represented by rðxsðtÞÞ: Assuming the vehicle convoy speed vðtÞ is within such a limit that there is
no separation between vehicles and bridge surface, the additional elongation D1 of the lower
spring during vehicle motion is then expressed as

D1 ¼ ys1ðtÞ � ½yðxs; tÞ þ rðxsðtÞÞ	: ð1Þ

The equations of motion of the masses Ms1 and Ms2 are, respectively,

Ms1
d2ys1ðtÞ

dt2
¼ �ks1D1 þ ks2½ys2ðtÞ � ys1ðtÞ	 þ cs

dys2ðtÞ
dt

�
dys1ðtÞ

dt

� �
; ð2Þ
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Fig. 1. A multi-span continuous bridge with N moving vehicles.
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Ms2
d2ys2ðtÞ

dt2
¼ �ks2½ys2ðtÞ � ys1ðtÞ	 � cs

dys2ðtÞ
dt

�
dys1ðtÞ

dt

� �
: ð3Þ

The contact force fcsðtÞ between the sth vehicle and the bridge can be expressed as

fcs ¼ ðMs1 þ Ms2Þg � ks1D1; ð4Þ

where g is the acceleration due to gravity. Eliminating the elongation D1 of the lower spring with
Eqs. (2) and (3), Eq. (4) becomes

fcs ¼ ðMs1 þ Ms2Þg þ Ms1
d2ys1ðtÞ

dt2
þ Ms2

d2ys2ðtÞ
dt2

: ð5Þ

By modal superposition and separation of variables, the vibration of the bridge can be
expressed as

yðx; tÞ ¼
Xn

i¼1

qiðtÞfiðxÞ; ð6Þ

where fqiðtÞ; i ¼ 1; 2;y; ng are the generalized co-ordinates, n is the number of the adopted
vibration modes, and ffiðxÞ; i ¼ 1; 2;y; ng are the assumed vibration modes. For the modelling
of the continuous bridge, the modified beam vibration functions [14] are chosen, which are built
up from the vibration modes of a hypothetical single-span simply supported beam having the
same end supports and total length as the real beam, and cubic spline expressions that ensure the
boundary conditions at all the supports. The modified beam vibration functions have been used
instead of the conventional mode shapes mainly because of the ease of obtaining them and the
ease of subsequent computer programming. Therefore the assumed vibration modes can be
written as

fiðxÞ ¼ %fiðxÞ þ *fiðxÞ; ð7Þ

where f %fiðxÞ; i ¼ 1; 2;y; ng are the first n vibration modes of a hypothetical beam of total length
L with the same end supports as the continuous beam but without the intermediate supports, and
f *fiðxÞ; i ¼ 1; 2;y; ng are the augmenting cubic spline expressions which are so chosen that each
fiðxÞ satisfies the boundary conditions at the two ends and the zero deflection conditions at the
intermediate point supports.

2.2. Simulation of noise-free accelerations considering roughness

Based on the vehicle and bridge models introduced above, dynamic analysis of the system can
be carried out and the simulated noise-free acceleration measurements at specified stations of the
bridge can be obtained for the subsequent study in parameter identification of the vehicles. The
velocity of vibration and the curvature of the beam at position x are, respectively,

@yðx; tÞ
@t

¼
Xn

i¼1

’qiðtÞfiðxÞ; ð8Þ

@2yðx; tÞ
@x2

¼
Xn

i¼1

qiðtÞ f
00
i ðxÞ; ð9Þ
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in which the dot represents differentiation with respect to time t; and the prime represents
differentiation with respect to the abscissa x: Therefore the kinetic energy V and the bending
energy U are, respectively,

V ¼
1

2

Z L

0

rðxÞAðxÞ
@yðx; tÞ

@t

� �2
dx ¼

1

2

Xn

i¼1

Xn

j¼1

’qiðtÞmij ’qjðtÞ; ð10Þ

U ¼
1

2

Z L

0

EðxÞIðxÞ
@2yðx; tÞ
@x2

� �2
dx ¼

1

2

Xn

i¼1

Xn

j¼1

qiðtÞkijqjðtÞ; ð11Þ

where mij and kij are, respectively, the generalized mass and stiffness matrices of the bridge, which
can be written as

mij ¼
Z L

0

rðxÞ AðxÞfiðxÞfjðxÞ dx; ð12Þ

kij ¼
Z L

0

EðxÞIðxÞf00
i ðxÞf

00
j ðxÞ dx: ð13Þ

The generalized force FisðtÞ corresponding to the contact force fcsðtÞ can be expressed as

FisðtÞ ¼ �fcsðtÞfiðxsðtÞÞ: ð14Þ

From Eqs. (5) and (14), FisðtÞ can be further written as

FisðtÞ ¼ �ðMs1 þ Ms2ÞgfiðxsðtÞÞ � Ms1 .ys1ðtÞfiðxsðtÞÞ � Ms2 .ys2ðtÞfiðxsðtÞÞ: ð15Þ

The Lagrangian equation of the bridge is written in terms of the Lagrangian function G ¼
V � U and the generalized force Fi(t) as

d

dt

@G
@ ’qi

� �
�

@G
@qi

¼ FiðtÞ; i ¼ 1; 2;y; n; ð16Þ

where the generalized force FiðtÞ can be written as

FiðtÞ ¼
XN

s¼1

FisðtÞ: ð17Þ

Substituting Eqs. (10), (11), (15) and (17) into Eq. (16) and rearranging results inXn

j¼1

mij .qjðtÞ þ
Xn

j¼1

kijqjðtÞ þ
XN

s¼1

Ms1fiðxsðtÞÞ .ys1ðtÞ þ
XN

s¼1

Ms2fiðxsðtÞÞ .ys2ðtÞ ¼ piðtÞ;

i ¼ 1; 2;y; n; ð18Þ

where

piðtÞ ¼ �
XN

s¼1

ðMs1 þ Ms2ÞgfiðxsðtÞÞ: ð19Þ

Should a particular vehicle be outside the bridge, the corresponding terms under the summation
signs should be omitted.
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On the other hand, substituting Eqs. (1) and (6) into Eq. (2) and rearranging, one obtains the
equation of motion of Ms1 as

�
Xn

j¼1

ks1fjðxsðtÞÞqj þ Ms1 .ys1ðtÞ þ cs ’ys1ðtÞ þ ðks1 þ ks2Þys1ðtÞ � cs ’ys2ðtÞ � ks2ys2ðtÞ ¼ ks1rðxsðtÞÞ;

s ¼ 1; 2;y;N: ð20Þ

Likewise the equation of motion of Ms2 as shown in Eq. (3) can be rewritten as

�cs ’ys1ðtÞ � ks2ys1ðtÞ þ Ms2 .ys2ðtÞ þ cs ’ys2ðtÞ þ ks2ys2ðtÞ ¼ 0; s ¼ 1; 2;y;N: ð21Þ

Eqs. (20) and (21) are valid only when the sth vehicle acts on the bridge.
Eqs. (18), (20) and (21) can be written together in matrix form as

M UM1 UM2

0 M1 0

0 0 M2

2
64

3
75

.q

.y1

.y2

8><
>:

9>=
>;þ

0 0 0

0 C �C

0 �C C

2
64

3
75

’q

’y1

’y2

8><
>:

9>=
>;

þ

K 0 0

�K1U
T K1 þ K2 �K2

0 �K2 K2

2
64

3
75

q

y1

y2

8><
>:

9>=
>; ¼

p

K1r

0

8><
>:

9>=
>;; ð22Þ

where the sub-matrices and sub-vectors are given below:

M ¼ ½mij	; K ¼ ½kij	; i; j ¼ 1; 2;y; n; ð23224Þ

U ¼ ½fiðxsðtÞÞ	; i ¼ 1; 2;y; n; s ¼ 1; 2;y;N; ð25Þ

M1 ¼ diag½Ms1	; M2 ¼ diag½Ms2	; C ¼ diag½cs	; s ¼ 1; 2;y;N; ð26228Þ

K1 ¼ diag½ks1	; K2 ¼ diag½ks2	; s ¼ 1; 2;y;N; ð29230Þ

y1 ¼ fys1ðtÞg
T; y2 ¼ fys2ðtÞg

T; r ¼ frðxsðtÞg
T; s ¼ 1; 2;y;N; ð31233Þ

p ¼ fpiðtÞg
T; q ¼ fqiðtÞg

T; i ¼ 1; 2;y; n: ð34235Þ

Eq. (22) can be solved by the Newmark-b method or similar. Then fqiðtÞg and f .qiðtÞg are obtained
accordingly. The simulated ‘‘noise-free’’ acceleration time history anf ðx; tÞ of the bridge at
measurement location x can then be expressed as

anf ðx; tÞ ¼ .yðx; tÞ ¼
Xn

i¼1

.qiðtÞfiðxÞ: ð36Þ

The vector containing the simulated ‘‘noise-free’’ acceleration time histories at the measurement
stations then forms the noise-free acceleration vector Anf :

In the study, the random road surface roughness rðxÞ of the bridge is described by a kind of
zero-mean, real-valued, stationary Gaussian process [20] as

rðxÞ ¼
XNT

h¼1

ah cosð2pohx þ FhÞ; ð37Þ
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where the roughness parameter ah is the amplitude of the cosine wave, Fh is a random phase angle
with uniform probability distribution in the interval ½0; 2p	; oh is a frequency within the interval
½ol ;ou	 in which the power spectral density function SrðohÞ (in m3=cycle) is defined, x is the
position measured from the left end of the bridge and NT is the total number of terms used to
build up the road surface roughness. The parameters ah and oh are computed, respectively, by

a2
h ¼ 4SrðohÞDo; ð38Þ

oh ¼ ol þ ðh � 1=2ÞDo; h ¼ 1; 2;y;NT ; ð39Þ

Do ¼ ðou � olÞ=NT ; ð40Þ

in which ol and ou are the lower and upper cut-off spatial frequencies (in cycles/m) respectively.
The power spectral density function SrðohÞ can be expressed in terms of the spatial frequency oh

of the road surface roughness as

SrðohÞ ¼
%ao�b

h for oloohoou;

0 elsewhere;

(
ð41Þ

where %a is a spectral roughness coefficient in m2=ðm=cycleÞ and the exponent b is taken to be 1.94
[20]. The value of %a is determined based on the classification of road surface condition according
to ISO specification [21].

2.3. Simulation of measurement noise

Real life measurements are usually polluted by noise. To evaluate the sensitivity of results to
such measurement noise, noise-polluted measurements are simulated by adding to the noise-free
acceleration vector a corresponding noise vector whose root-mean-square (r.m.s.) value is equal to
a certain percentage of the r.m.s. value of the noise-free data vector. The components of all the
noise vectors are of Gaussian distribution, uncorrelated and with a zero mean and unit standard
deviation. Then on the basis of the noise-free acceleration Anf ; the noise-polluted acceleration Anp

of the bridge at location x can be simulated by

Anp ¼ Anf þ RMSðAnf Þ � Nlevel �Nunit; ð42Þ

where RMSðAnf Þ is the r.m.s. value of the noise-free acceleration vector Anf ; Nlevel is the noise
level, and Nunit is a randomly generated noise vector with zero mean and unit standard deviation.
In the present study, besides the case of zero noise, three levels of noise pollution will be
investigated, namely 1%, 5% and 10%.

3. Multi-stage identification based on genetic algorithms

3.1. Application of genetic algorithms

In the present identification problem, the errors at the measurement stations between the
measured accelerations and the reconstructed accelerations from the identified parameters should
be minimized. For a bridge with Q measurement stations and a total of R time points in each
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measured time history, the objective function F to be maximized in the present study can be
written in terms of the error vector ei as

F ¼ �
XQ

i¼1

jjeijj2 ¼ �
XQ

i¼1

XR

j¼1

ðeijÞ
2

 !1=2

; ð43Þ

where jjeijj2 is the Euclidean vector norm of the error vector ei that is defined as

ei ¼ faij;simug � faij;ideng: ð44Þ

aij;simu is the element of the simulated acceleration vector and aij;iden is the element of the
acceleration vector calculated from the trial vehicle parameters in each generation, both at the ith
measurement station and the jth time point. The identification is realized through a robust multi-
stage optimization scheme based on genetic algorithms. Starting from the very wide initial
variable domains, this multi-stage optimization scheme reduces the variable search domains stage
by stage using the identified results of the previous stage.

Genetic algorithms [18,19] are stochastic global search techniques based on the mechanics of
natural selection and natural genetics. They combine survival of the fittest among string structures
with a structured yet randomized information exchange to form a search algorithm with some of
the innovative flair of human search. The search and optimization direction of genetic algorithms
is definitely guided to global optimal values of the variables.

In the present study, the main variables to be identified are the vehicle parameters, namely, the
equivalent lower and upper masses, the damping coefficient, the contact stiffness and the primary
stiffness for each vehicle. Because of the uncertainty of the real road surface roughness, it is
impractical to identify the roughness itself directly. Again using the spectral approach, Eq. (37) is
adopted to build up the roughness approximately using the parameters of a few terms, namely, the
amplitude of the cosine wave ah; the phase angle Fh; and the roughness frequency oh: Assuming
that there are all together N vehicles on a bridge and the roughness is built up using NT terms, the
number of parameters to be identified is therefore ð5N þ 3NT Þ: All the parameters are coded as
binary strings, which are assembled together to form an individual in the optimization using
genetic algorithms. Techniques similar to a previous study [17] are adopted, including the use of
linear fitness scaling [18] to ensure competition and the mapping to enforce that the raw fitness f is
always positive. The randomized techniques of genetic algorithms work very well on this
identification problem.

3.2. Multi-stage optimization

To kick off the search and optimization process, a selected number of individuals are randomly
created to form an initial population in the beginning of the process. In the present parameter
identification problem, an obvious and exact search domain is always difficult to find. Although
the identification of the contact forces provides useful clues to the identification of moving masses
[16], this may not be as useful here as much more parameters are involved in the present
5-parameter vehicle model and some of the parameters are not directly related to the force of
gravity. In order not to miss the global optimal set of parameters and converge on a wrong
solution, the initial search domain for each variable must be set sufficiently large. However within
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these very large search domains, it is often difficult to find the ideal global optimal values by a
single optimization run, and it also takes an extremely long running time. In order to overcome
this problem, the parameter identification is carried out through a multi-stage optimization
scheme involving the repeated use of genetic algorithms and gradual refinement of search domains
as well as accuracy. Using reasonable string lengths and a relatively small number of generations,
it is possible for the initial stage of optimization to produce rough estimates of the parameters.
Such estimates are then used to map out the refined search domains for the second stage. It is
known that the genetic optimization gradually guides the trial solutions to the optimal one.
Therefore through this staged optimization process, the search domains will be reducing in each
successive stage in the light of the identification results of the previous stage.

In the present study, all vehicle parameters to be identified are non-negative values, and so the
lower limits of their initial search domains are all set as zero. The upper limits of the initial search
domains for the spring stiffnesses and the damping coefficient are set large enough. For both the
lower and upper masses for normal bridges, a convenient upper limit of the initial search domain
can be determined in the light of available information of common vehicles. As for the roughness
parameters, the phase angle Fh should be located within ½0; 2p	 based on its definition, while the
search domains for the cosine wave amplitude ah and the roughness frequency oh can be estimated
from the road surface conditions and practical experience. These search domains can then be
narrowed down in subsequent stages of optimization. For example, assuming the identified lower
mass of the sth vehicle in a stage to be Ms1;iden; the search domain D of this mass for the next stage
can be set as

D ¼ ðDl ;DuÞ ¼ Ms1;idenðCl ;CuÞ; 0oClo1; 1oCu; ð45Þ

where Cl and Cu are, respectively, coefficients to define the lower limit Dl and the upper limit Du

of the search domain D: The same strategy can be applied to the other parameters. The values of
Cl and Cu may be varied at different stages for improved efficiency. As different parameters
converge at different rates, the values of Cl and Cu may also be controlled suitably bearing in
mind efficiency and the relative likelihood of the correct values. The termination of the search at
each stage is controlled both by the maximum number of generations as well as the changes of
parameters between successive generations. The termination of the whole procedure is controlled
by the difference between the parameters identified from two adjacent stages.

4. Numerical simulations

4.1. General description

To evaluate the efficiency of the proposed method, a series of comprehensive case studies
covering various aspects have been carried out. Apart from the comparison of the present
5-parameter vehicle model and the former 4-parameter vehicle model [17], the effects of number of
measurement stations, levels of measurement noise, and number of vehicles on the accuracy are
also examined. The contact forces between the moving vehicles and the bridge surface are also
estimated using the identified vehicle parameters. The identification error Erroriden of, for
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example, the lower mass of sth vehicle is defined as

Erroriden ¼
jMs1;iden � Ms1;truej

Ms1;true


 100%; ð46Þ

where Ms1;iden and Ms1;true are the identified and true values of the lower mass Ms1 respectively.
Definitions for the other parameters are similar.

A three-span continuous box girder bridge is used in the case studies, and the idealized beam
model and cross-section are shown in Fig. 2. The density r and Young’s modulus E of concrete
are 2400 kg=m3 and 30 000 MPa respectively. The span lengths from left to right are 36, 48, 36 m
respectively. The cross-sectional area A and the second moment of inertia I are 3:46 m2 and
3:854 m4 respectively. The dynamic behaviour of a bridge is primarily governed by the first few
vibration modes. For both the acceleration simulation and parameter identification, the first three
vibration modes of the bridge are adopted as a compromise. All the vehicles are assumed to travel
at a horizontal speed v of 17 m=s across the bridge, as this is a normal speed on highways. The
distance between adjacent vehicles is 10:0 m: The total traversing time T ; which is counted from
the instant when the first vehicle arrives at the starting end of the bridge to that when the last
vehicle leaves the bridge, is divided into 200 time intervals. The histories of acceleration and
contact forces are therefore presented accordingly with respect to the time ratio t=T :

Only one vehicle is considered in Case Studies 1–4, and the assumed vehicle parameters used to
simulate the accelerations are those of Vehicle 1 in Table 1. In Case Study 5, a 3-vehicle convoy is
studied, and the corresponding assumed parameters are shown in Table 1. The road surface
condition is assumed to be good in all case studies, having a spectral roughness coefficient %a of
0:6
 10�6 m2=ðm=cycleÞ; with lower and upper cut-off spatial frequencies ol ¼ 0:1 cycles/m and
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ou ¼ 4:0 cycles/m respectively. Using Eqs. (37)–(41) and a total of 10 terms (i.e. NT ¼ 10), the
random road surface roughness profile as shown in Fig. 3 is generated for acceleration simulation.
The simulated road surface roughness ranges from 6.0 to �6:0 mm; which is reasonable for a real
bridge with good road surface condition. Case Study 4 examines the effect of measurement noise,
while the other case studies focusing on other aspects make use of noise-free simulated signals.

For the purpose of identification, the initial search domains of the vehicle parameters for every
vehicle are assumed to be M1Að0; 10 000Þ kg; M2Að0; 60 000Þ kg; cAð0; 200 000Þ Ns=m;
k1Að0; 107Þ N=m and k2Að0; 2 
 108Þ N=m: The initial search domains of the three kinds of
roughness parameters are set as ahAð�10; 10Þ mm; FhA½0; 2p	; and ohAð0:01; 10:0Þ cycles/m. To
be practical, only four terms for modelling the roughness have been used in the identification
process. Therefore for the cases involving one and three vehicles, the total numbers of the
parameters to be identified are 17 and 27 respectively. Unless otherwise stated, the population size
used in the case studies is set as 150 in each generation and the number of generations in each
stage is 300. The parameters for the present genetic algorithm with uniform crossover [17] are as
follows: crossover probability Pc ¼ 0:5; creep mutation probability Pcm ¼ 0:04; and jump
mutation probability Pjm ¼ 1=Npop; where Npop denotes the population size.

4.2. Case Study 1: effect of vehicle models

The choice of the vehicle model in the solution of a vehicle–bridge interaction problem is
especially important when the road surface roughness is taken into account. As opposed to
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Table 1

Assumed true vehicle parameters

Vehicle Lower Upper Damping Contact Primary Case

mass mass coefficient spring spring Study

Ms1 (kg) Ms2 (kg) c (Ns/m) stiffness ks1 stiffness

(N/m) ks2 (N/m)

1 4800 27 000 86 000 500 000 9:12
 106 1–5

2 3600 21 000 60 000 400 000 8:68
 106 5

3 6000 36 000 100 000 600 000 10:0
 106 5
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Fig. 3. A typical bridge road surface roughness profile adopted in present study.
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railway vehicles having very stiff wheels, highway vehicles normally have tyres with comparatively
lower stiffness. In this study, a comparison is made between the present 5-parameter vehicle model
and the former 4-parameter vehicle model [17] on their ability to cope with road surface
roughness. Here only one vehicle is considered.

The acceleration histories at location x ¼ 12 m on the bridge obtained using the present
5-parameter vehicle with and without roughness are shown in Fig. 4. Using the 5-parameter
vehicle model having reasonable parameters, the difference between the two acceleration
histories is noticeable but their orders of magnitude are comparable, which is close to
the real situation as the road surface condition is assumed to be good. Omitting the tyre
contact stiffness ks1; the 5-parameter vehicle model degenerates into a 4-parameter vehicle
model. The acceleration histories obtained at the same location using the degenerated 4-parameter
vehicle model with and without roughness are shown in Fig. 5. It can be seen that,
without considering the tyre contact stiffness, the impact effect has been grossly over-amplified
and the 4-parameter vehicle model may easily predict separation between the vehicle and the
bridge [22].
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Fig. 4. Dynamic accelerations at location x ¼ 12:0 m on the bridge under a 5-parameter vehicle with k1 ¼
5:0 
 105 N=m; ——, roughness neglected; - - - -, roughness considered.
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Fig. 5. Dynamic accelerations at location x ¼ 12:0 m on the bridge under a 4-parameter vehicle; ——, roughness

neglected; - - - -, roughness considered.
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4.3. Case Study 2: basic strategy

This case study is mainly to establish the validity and effectiveness of the proposed multi-stage
optimization procedure. There is only one moving vehicle with simulated noise-free accelerations
at six measurement stations along the bridge, namely at x1 ¼ 12 m; x2 ¼ 24 m; x3 ¼ 52 m; x4 ¼
68 m; x5 ¼ 96 m; and x6 ¼ 108 m: Table 2 shows the parameters identified in the three stages of
optimization. It is observed that the estimates for the masses have swiftly come close to the true
values after the first stage, whereas the other parameters need more computations to converge and
their final values are also less accurate than the mass values. The search domains at a new stage of
optimization are mapped out using Eq. (45) based on the identified values in the previous stage.
The time histories of contact force calculated from the true and identified vehicle parameters are
shown in Fig. 6. The trends of the time histories are mainly governed by the masses, and they tend
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Table 2

The identification results of the first three stages in Case Study 2

Stage No. Vehicle parameters

M1 (kg) M2 (kg) c (Ns/m) k1 (N/m) k2 (N/m)

1 Lower limit 0 0 0 0 0

Upper limit 10 000 60 000 200 000 10 
 106 200
 106

Identified 4855 26 832 34 539 245 984 6 760 000

2 Lower limit 4370 24 100 10 400 73:8
 103 3:38 
 106

Upper limit 5340 29 500 104 000 738 
 103 13:5 
 106

Identified 4855 26 832 68 737 478 352 6 760 000

3 Lower limit 4610 25 500 34 400 239 
 103 5:07 
 106

Upper limit 5100 28 200 103 000 718 
 103 10:1 
 106

Identified 4826 26 909 75 354 560 630 9 939 419

True values 4800 27 000 86 000 500 000 9 120 000

Identification

errors (%)

0.54 0.34 12.38 12.13 8.98
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Fig. 6. Contact forces calculated from true and identified vehicle parameters in Case Study 2; true ——; identified - - - -.
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to agree well with each other, as their estimates are accurate. The discrepancies in contact force
are mainly due to the slightly higher errors in the estimates of the spring stiffnesses and the
damping coefficient. Even so, the overall trends of fluctuations of contact forces also agree well
with each other.

4.4. Case Study 3: effect of number of measurement stations

Although a former study [17] shows that even one measurement station is often sufficient for
identification, very often more than one accelerometer is used in field measurements. It not only
improves the accuracy in most cases, but also caters for the possibility of occasional breakdown of
certain instruments. The case of an increased number of measurement stations is studied here. For
comparison, the identification problem is repeated using five patterns of up to 15 measurement
stations, as summarized in Table 3. Only one vehicle is considered. The identification results of the
five patterns of measurement stations after three stages of optimization are shown in Table 4. The
time histories of contact force calculated from the true and the identified parameters from the
arrangement comprising 3 measurement stations are plotted in Fig. 7. The corresponding results
obtained from 15 measurement stations as shown in Fig. 8 indicate much better agreement with
the reference time history.

Table 4 shows that starting from the same search domains, with the same genetic parameters
and after the same number of optimization stages, using more measurement stations improves the
accuracy but this is achieved at the expense of computation time. In other words, to aim at the
same accuracy, the use of more measurement stations reduces the amount of subsequent
computations. For the present three-span continuous bridge, the use of six measurement stations
may be taken as a compromise in view of the amount of field measurements, the computation time
and the accuracy of results.

4.5. Case Study 4: effect of measurement noise

To investigate the effect of measurement noise on the accuracy and efficiency of the proposed
method, three levels of measurement noise are considered in this case study, namely 1%, 5% and
10%. Apart from the presence of measurement noise, all the rest are identical to those in Case
Study 2. At least three stages of optimization are carried out and the decision to go further is
based on the differences between parameters identified in successive stages. Table 5 shows the final
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Table 3

Arrangement of measurement stations in Case Study 3

Number of

measurement stations

Distances of measurement stations from the left end (m)

3 18:0; 60:0; 102:0
6 12:0; 24:0; 52:0; 68:0; 96:0; 108:0
9 9:0; 18:0; 27:0; 48:0; 60:0; 72:0; 93:0; 102:0; 111:0

12 7:2; 14:4; 21:6; 28:2; 45:6; 55:2; 64:8; 74:4; 91:2; 98:4; 105:6; 112:8
15 6:0; 12:0; 18:0; 24:0; 30:0; 44:0; 52:0; 60:0; 68:0; 76:0; 90:0; 96:0; 102:0; 108:0
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results for three different levels of measurement noise compared with those without noise. The
time histories of contact forces calculated from the true and the identified parameters for the case
of 10% measurement noise are shown in Fig. 9.
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Table 4

Effects of number of measurement stations in Case Study 3

Number of

measurement

stations

Identified values Identification errors

M1 M2 c k1 k2 M1 M2 c k1 k2

(kg) (kg) (N s/m) (N/m) (N/m) (%) (%) (%) (%) (%)

3 4745 27 126 68 478 583 258 7 617 032 1.15 0.47 20.29 16.65 16.48

6 4826 26 909 75 354 560 630 9 939 419 0.54 0.34 12.38 12.13 8.98

9 4782 27 087 78 573 535 762 9 813 123 0.38 0.32 8.64 7.15 7.60

12 4818 26 928 91 974 472 834 8 593 776 0.38 0.27 6.95 5.43 5.77

15 4786 27 012 80 986 484 209 9 466 355 0.29 0.04 5.83 3.15 3.80
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Fig. 7. Contact forces calculated from true and identified vehicle parameters in Case Study 3 for the arrangement

comprising three measurement stations; true ——; identified - - - -.

306

308

310

312

314

316

318

0 0.2 0.4 0.6 0.8 1

t /T

C
on

ta
ct

 f
or

ce
s 

(k
N

)

Fig. 8. Contact forces calculated from true and identified vehicle parameters in Case Study 3 for the arrangement

comprising 15 measurement stations; true ——; identified - - - -.
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It is seen from Table 5 that the identification results do not vary much with the increase in the
measurement noise level. This demonstrates that the proposed identification procedure is not
particularly sensitive to reasonable measurement noise. However the more measurement noise
there is, the more optimization stages are required.

4.6. Case Study 5: effect of number of moving vehicles

In real life, there are always many vehicles on a bridge at the same time. In order to test the
accuracy and efficiency of the proposed method for more practical situations, a convoy
comprising three vehicles at a spacing of 10 m is therefore considered and their true parameters
are shown in Table 1. The same arrangement of six measurement stations as in Case Study 2 is
also used here. In view of the relatively large number of parameters to be identified in this case, the
population size is set as 300. The number of genetic generations in each stage is taken as 150. The
identification results after the first three stages are shown in Table 6.

The identification results in Table 6 are very acceptable, which means that the proposed
optimization procedure produces acceptable identification results for a multi-vehicle convoy
similar to the case of only one vehicle. In addition, the optimization speed and computation time
are also similar.
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Table 5

Effect of measurement noise in Case Study 4

Noise

level

No. of

stages

Identified values Identification errors

M1 M2 c k1 k2 M1 M2 c k1 k2

(kg) (kg) (N s/m) (N/m) (N/m) (%) (%) (%) (%) (%)

0% 3 4826 26 909 75 354 560 630 9 939 419 0.54 0.34 12.4 12.1 8.98

1% 3 4774 27 091 73 685 569 296 9 978 512 0.55 0.34 14.3 13.9 9.41

5% 4 4830 26 902 71 767 429 150 8 180 640 0.63 0.36 16.6 14.2 10.3

10% 5 4768 27 130 101 936 573 356 7 952 642 0.67 0.48 18.5 14.7 12.8
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Fig. 9. Contact forces calculated from true and identified vehicle parameters in Case Study 4; true ——; identified - - - -.
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4.7. Discussions

Case Study 1 shows that the present 5-parameter vehicle model is a more reasonable choice to
be used for dynamic analysis and identification when the road surface roughness is taken into
account. Case Study 2 validates the present multi-stage identification procedure. In the other
cases, the proposed procedure is examined on various aspects including the effects of number of
measurement stations, noise level of acceleration measurements, and number of vehicles. The
results confirm that this identification method is very robust. When the road surface roughness is
considered together with a reasonably measurement noise level, very acceptable results can be
obtained even for a multi-vehicle convoy after only a few optimization stages with an appropriate
population size. A relatively small number of measurement stations are sufficient for the proposed
identification process, which saves much computation time. Examination of all the identification
results of the case studies above shows that the identification errors of the two spring stiffness
values and the damping coefficient are comparatively larger than those of the two masses.

5. Conclusions

A procedure for parameter identification of vehicles moving on multi-span continuous bridges
taking into account road surface roughness is described. The proposed moving vehicle model
comprises lower and upper masses interconnected by a damper and a primary spring, with
another spring to model the contact stiffness between the tyres and the bridge deck. The aim of the
study is to identify the associated vehicle parameters based on the acceleration measurements at
selected stations. Here the acceleration measurements are simulated by the numerical solution to
the associated forward problem taking into consideration random road surface roughness, with
random measurement noise introduced subsequently to account for the likely errors in practice.
The search for the vehicle parameters is formulated as an optimization problem in which the error
between the measured accelerations and the accelerations reconstructed from trial parameters is
minimized. A robust multi-stage optimization scheme based on genetic algorithms has been
proposed in which the search domains are systematically reduced stage by stage. The optimal
solution is achieved within the re-defined search domains. A series of comprehensive case studies
have been carried out to test the proposed model and procedure. It shows that the present
5-parameter vehicle model is a favourable choice to be used for identification. In spite of the
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Table 6

Effect of number of moving vehicles in Case Study 5

Vehicle Identified values Identification errors

M1 M2 c k1 k2 M1 M2 c k1 k2

(kg) (kg) (N s/m) (N/m) (N/m) (%) (%) (%) (%) (%)

1 4784 27 063 97 636 547 993 8 314 704 0.33 0.23 13.53 9.60 8.83

2 3608 20 927 67 472 448 041 7 843 248 0.22 0.35 12.45 12.01 9.64

3 5979 36 108 115 833 668 937 9 176 031 0.35 0.30 15.83 11.49 8.24

R.J. Jiang et al. / Journal of Sound and Vibration 274 (2004) 1045–1063 1061



presence of measurement noise and uncertain road surface irregularity, acceptable results are
obtained for a solitary vehicle or a convoy.
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